The Hamiltonian for dynamic geometry generates the evolution of a spatial region along a vector field. It includes a boundary term which determines both the value of the Hamiltonian and the boundary conditions. The value gives the quasi-local quantities: energy-momentum, angular-momentum and center-of-mass. The boundary term depends not only on the dynamical variables but also on their reference values; the latter determine the ground state (having vanishing quasi-local quantities). For our preferred boundary term for Einstein's GR we propose 4D isometric matching and extremizing the energy to determine the reference metric and connection values.
Introduction
Although the global total energy-momentum is well defined (for spaces with suitable asymptotic regions), for any gravitating system -and hence for all real physical systems -the localization of energy-momentum is still an outstanding fundamental problem.
1,2 Unlike all matter and other interaction fields, the gravitational field itself has no proper energy-momentum density. In view of the fact that energymomentum is conserved, and that sources exchange energy-momentum locally with the gravitational field, one expects some kind of "local description" of the energymomentum density of gravity itself. But all attempts at constructing such an expression led only to reference frame dependent quantities, generally referred to as pseudotensors. 3 Physically this can be understood as a consequence of Einstein's equivalence principle: gravity cannot be detected at a point. The energy-momentum of gravity -and thus for all physical systems is inherently non-local. The modern idea is quasi-local : energy-momentum is associated with a closed surface bounding a region. 4 
Covariant Hamiltonian Formalism
The first order Lagrangian 5 for an f -form field ϕ and its conjugate momentum p is given by
March 9, 2018 10:47 ws-procs961x669 WSPC Proceedings -9.61in x 6.69in LeCosPA160219 page 2
2
The variation (with respect to ϕ and p independently)
gives the equations of motion, with ς := (−1) f ,
Diffeomorphism invariance (in terms of the Lie derivative
From this one gets a conserved "translational current" 3-form:
Note that H(N ) is not unique:
Furthermore it can be written in the form,
⇒ H µ vanishes "on shell".
Hence for gravitating systems the Noether translational "charge" -energymomentum -is quasi-local, it is given by the integral of the boundary term, B(N ).
But this boundary term can be completely modified to any value. However, the Hamiltonian approach tames the ambiguity. Quasi-local quantities are determined only by the surface integral
The two parts of the Hamiltonian have distinct roles: The 3-form part N µ H µ generates the equations of motion. As mentioned, for diffeomorphic invariant theories it has vanishing value. The Hamiltonian generally also includes a boundary term B(N ): (i) it determines the values of the quasi-local quantities, and (ii) it determines the boundary conditions. 6,7
Quasi-local Quantities
The Hamiltonian boundary terms determines the values of the quasi-local quantities:
• Energy is given by a suitable timelike displacement; • Linear momentum is obtained from a spatial translation;
• Angular momentum from a suitable rotational displacement;
• A spacetime displacement which is asymptotically a boost will give the center-of-mass moment.
Our Noether analysis has revealed that B(N ) can be adjusted, changing the conserved value to a new value. However the variational principle contains an additional (largely overlooked) feature which distinguishes all of these choices. The boundary variation principle, i.e. the boundary term in the variation, tells us what to hold fixed on the boundary -it determines the boundary conditions.
3
The different Hamiltonian boundary terms are each associated with distinct boundary conditions. As in thermodynamics or electrostatics there are various "energies" which correspond to how the system interacts with the outside through its boundary. In general (in particular for gravity) it is necessary (in order to guarantee functional differentiability of the Hamiltonian on the phase space with the desired boundary conditions) to adjust the boundary term B(N ) = i N ϕ∧p which is naturally inherited from the Lagrangian (1). The variation of the Hamiltonian implies
There is a freedom for modifying the boundary term B(N ) → B ′ (N ). Moreover, a reference configuration,φ andp, (which determines the ground state) is essential especially for gravity, in particular to allow the desired phase space asymptotics.
With ∆ϕ := ϕ −φ, ∆p := p −p, we found two boundary choices (essentially Dirichlet and Neumann) which have the indicated covariant boundary terms in δH:
We also found two other physical interesting choices:
Let us look at the following two applications.
Applications: Electromagnetism and General Relativity
The first order Lagrangian 4-form for the source free U (1) gauge field one-form A and its conjugate momentum H is
The pair of first order equations are The first order Lagrangian for Einstein's (vacuum) gravity theory is
where the curvature 2-form is R There is a distinguished energy expression with a very desirable property: it corresponds to imposing boundary conditions on a manifestly covariant object :
The associated energy flux expression is
and the natural reference in gravity for the asymptotic flat spacetime is the Minkowski spacetime:ḡ
Reference Choice
Now let us turn to how to select the reference; effectively one should embed the 2-boundary into Minkowski space. 9, 10 In a neighborhood of the desired spacelike boundary 2-surface S, 4 smooth functions y i = y i (x µ ), i = 0, 1, 2, 3 with dy 0 ∧ dy 1 ∧ dy 2 ∧ dy 3 = 0 define a Minkowski reference:
The reference connection is
where dy i = y i α dx α and dx α = x α j dy j with vanishing Minkowski reference connection coefficients. N µ is a translational Killing field of the Minkowski reference, then the second quasi-local term vanishes. Our quasi-local expression then takes the form
To determine the reference choice y i µ in terms of quasi-spherical foliation adapted coordinates t, r, θ, φ, the isometric matching on the 2-surface implies g AB =ḡ AB =ḡ ij y 
is convex-one can prove that there is a unique isometric embedding. (But, unfortunately, there is no explicit formula.)
4D Isometric Matching
Complete 4D isometric matching on S has 10 constraints:
There are 12 embedding functions on the constant t, r 2-surface:
The 10 constraints split into 3 for the already discussed 2D isometric matching: g θθ , g θϕ , g ϕϕ which constrain the 4 y i ; 3 normal bundle algebraic quadratic expressions: g tt , g tr , g rr ; and 4 mixed linear algebraic expressions: g tθ , g tϕ , g rθ , g rϕ . The 2D isometric matching can be regarded as a given y 0 uniquely determining y 1 , y 2 , y 
An Optimal Choice
One can regard the value of the boundary term as a measure of the difference between the dynamical boundary values and the reference boundary values. However, how to find the "best matched" reference geometry? Because 12 embedding variables are subject to 10 isometric conditions, one will obtain the best matched reference geometry as long as one can obtain the two unknown variables.
11-13
For a given S there are 2 different quantities which can be considered: The first two approaches lead to quasi-local quantities associated with S, the third alternative gives a quasi-local energy associated with an observer.
14,15 Based on some physical and practical computational arguments, it is reasonable to expect a unique solution. For our quasi-local values for axisymmetric solutions including Kerr see Ref. 13 .
Summary
For any gravitating system -and hence for all physical systems -the localization of energy-momentum is an outstanding problem. We've displayed the relation between covariant Hamiltonian boundary term and the quasi-local quantities. For gravitating systems, we have obtained four quasi-local energy-momentum expressions; each is associated with a physically distinct, and geometrically clear, boundary condition. With the "best matched " reference, we have a satisfactory way of fixing the Hamiltonian boundary term quasi-locally for locally Poincaré gauge invariant gravity including GR. This in particular gives a way of resolving the ambiguities in determining the quasi-local energy-momentum of classical physical systems.
